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Abstract

Truncated normal distributions have found utility in a wide variety of fields — including those
within the purview of production and operations management. Despite this fact, work to date has
focused primarily on estimation of the original (non-truncated) population parameters based
upon truncated or censored samples rather than on the characteristics of the truncated
distributions themselves. This paper presents selected reference tables of the cumulative
distribution function of the doubly-truncated normal distribution for use by workers/researchers —
developed using Microsoft Excel’s Visual Basic for Applications environment. In the process of
developing these tables, the characteristic parameters of these distributions are derived in terms
of the standard normal distribution. In addition, it is noted that the points of truncation do not

uniquely determine the value of the coefficient of variation.
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The normal — or Gaussian — distribution is one of the most widely utilized of all random variables.
Mound-shaped or approximately mound-shaped distributions are encountered in a large number of
applications and, via the Central Limit Theorem, provide the underpinning for the characteristics of
sampling distributions upon which statistical inference is based. Despite this utility, the fact that the
values of a normally distributed random variable can, in theory, assume any value over the range from -
« to +« may lead to significant computational errors in situations in which the distribution’s outcomes
are constrained. This problem has motivated the study of truncated normal distributions.

The study of the properties of normally distributed random variables when certain outcomes are
constrained or restricted has been a rich and fertile one — with applications reported in the areas of
inventory management, regression analysis, and financial modeling to name only a few. Indeed, the
characteristic parameters (i.e., mean y and standard deviation o) of truncated normal distributions can
be readily derived using basic statistical methods. The vast majority of the work to date has focused on
estimating the parameters of the original, non-truncated population based upon the sample statistics of
the truncated or censored samples. Little work has been done in terms of describing and tabulating the
properties of the truncated normal distributions themselves.

This paper presents tables of the cumulative distribution function of the doubly-truncated normal
distribution for use by workers/researchers in production and operations management, finance, and the
many other fields in which this family of distributions has found application. In the process of developing
these tables, the characteristic parameters of these distributions are derived in terms of the standard
normal distribution — for maximum generality. After a brief review of prior research in this field, this

paper presents a detailed development of the



Review of Prior Research

While several, different notations — often incorporating intermediately-defined functions for
convenience — have been used in the literature, the notational conventions presented in [Hald, 1952],
which describe truncated normal distributions in terms of the probability density and cumulative
distribution functions of the non-truncated normal distribution, will be used in this paper.

There is a large body of literature on the subject of the estimation of the parameters of the
original population (u, o) based upon data from truncated or censored samples. [Schneider, 1986]
provides an excellent overview of parameter estimation of truncated normal distributions in his Chapter
2. One of the founders — and most prolific authors — in this field is A. Clifford Cohen at the University of
Georgia, whose works span over four decades. (See, for example [Cohen, 1991].) In general, the
procedures/algorithms that have been developed depend upon whether the points of truncation are
known. The focus of this paper — like that of [Barr and Sherrill, 1999] — is on the characteristics of the
truncated population rather than the original, non-truncated population.

Little work has been done in terms of generating tables — especially cumulative probability tables
— and other representations for the truncated normal distribution. [Hald, 1952] presents a probability-
paper graph of the cumulative distribution functions of three left-truncated normal distributions with
degrees of truncation of 10%, 30%, and 50%. [Kececioglu, 1991] displays the same three distributions.
[Johnson and Kotz, 1970] provides qualitative illustrations of the probability density functions associated
with the nine combinations of truncation that result from 0%, 20%, and 40% truncation on the left/lower
and right/upper sides of the deviation divided by the standard deviation) of the truncated normal
distribution for 23 selected combinations of right- and left-truncation ranging from 0 to 50%.
[Thomopoulos, 1980] has qualitative visualizations of the left-truncated normal distribution for four
truncation points and a tabular summary of the mean, standard deviation, and coefficient of variation of
the left-truncated normal distribution for truncation points over a range similar to that discussed in this
paper. [Barr and Sherrill, 1999] plots the mean and variance of the left-truncated normal distribution as a

function of the truncation point (degree of truncation).






Doubly-truncated Normal Distribution
Definition:
Consider a normally-distributed random variable x with a probability density function f(x)

specified as

If the values of X below some value x. and above some value xr cannot be observed — due to
censoring or truncation — then, as shown in Figure 1 and following [Hald, 1952]’s conventions, the

resulting distribution is a doubly-truncated normal distribution with probability density function forn(x)

given by
00, -0 <x< X,
0 £(x)
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where f(x) is as defined in Equation 1.
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It is worth noting at this point that, while Equation 2 describes the case of the doubly-truncated
normal distribution, the equation can be modified for the left-truncated distribution by allowing the upper
truncation point xrto approach +. Similarly, a right-truncated normal distribution results from allowing
the lower truncation point xL to approach -«.

For purposes of generality, Equation 2 can be re-stated in terms of the standard normal

distribution (denoted f(z) — with a mean of 0 and a standard deviation of 1) where

1 1(2)=
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In terms of this standard normal distribution, the points of truncation x. and xr will be denoted by

kL and kr, respectively, as given by

X, -H X5 -M (B)k = andk = 0O
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This is illustrated in Figure 2.
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normal distribution in Equation 6, its cumulative distribution function F(z) can be stated as
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Equations 6 and 7 — for the probability density and cumulative probability functions of the truncated
normal distribution, respectively — are equivalent to those presented in [Hald, 1952], [Schneider, 1986],
[Cohen, 1991], and [Johnson and Kotz, 1970].

Some authors, rather than specifying the truncation points k. and kr, refer to the “degree of
truncation” — i.e., the fraction of the non-truncated distribution that cannot be observed. On the lower/left
side, the degree of truncation is given by F(kL) and, on the upper/right side, by 1 — F(kr), as noted in
[Johnson and Kotz, 1970]. From this, the degree of truncation of a doubly-truncated normal distribution
can easily be seen to be 1 — [F(kr) — F(ko)]. In fact, [Kececioglu, 1991] uses the degree of truncation —
expressed as a fraction of the original population — to motivate and explain Equation 7.

Parameters:

In this section, the parameters of the truncated normal distribution are discussed — given points
of truncation xL and xr. Specifically, expressions for the mean and variance of the truncated normal
distribution are addressed — adopting the convention of describing the mean (u = E(z)) and variance (02
=v(z)) of the truncated normal distribution in terms of the standard normal variate z. Given E(z) and V(z),
the mean and variance of the truncated normal distribution in terms of the original population
parameters can be found using

V (x)=0'v(2) (9)
and

E(x) =u+0E(z) (10)



probability density f(z) and cumulative probability F(z) functions of the standard normal distribution.
Their expressions for the doubly-truncated normal distribution — in terms of the notation utilized in this
paper — are shown in Equations 11 and 12.
1 (1)
E(z) = (f (k)= (kg))

L

- F(k )= F(k) r(k )= F(k)

O

Since Equations 11 and 12 are expressed entirely in terms of f(zZ) and F(z), they may be readily implemented using
spreadsheet software, such as Microsoft Excel, or via approximations for these functions such as those
given in [Abramowitz and Stegun, 1972].

From Equations 11 and 12, it is clear that the mean and standard deviation of the doubly-
truncated normal distribution are solely dependent upon the points of truncation k. and kr. The
coefficient of variation ¢ — which, again, is determined solely by the particular values of k. and kr — can

be defined as
c=(13)p

Development of Tables:

With the formulation of the cumulative distribution function Forn(z) of the doubly-truncated
normal distribution presented in Equation 7, given points of truncation k. and kr, one can readily
calculate the value of the cumulative distribution function of the doubly-truncated normal distribution at
any value of z through the use of tables of the cumulative distribution function of the standard normal

distribution F(z).



With the wide availability of desktop micro-computers and their associated software, alternate
methods of evaluating Equation 7 at specific values of z include the use of “standard” spreadsheet
functions (e.g., NormSDist(Z)) within Microsoft Excel), subroutines and functions within Microsoft Excel's
Visual Basic for Applications (VBA) environment, or formulations such as those provided in [Abramowitz
and Stegun, 1972]. The Excel-based VBA approach has been utilized in preparing the tables presented

in this paper due to its ease of implementation.



Using the approach outlined above, a table of the standard normal variate z at which the
cumulative distribution function Forn(z) of the doubly-truncated normal distribution function assumes
some value has been developed. This problem was solved computationally through the use of a
dichotomous line search algorithm, and the results are presented in Tables 1 through 6 for allowable
combinations of k. and kr over the range —3.0(0.2)3.0. (“Allowable combinations” simply means that the
upper truncation point kr must be greater than the lower truncation point k..) Tables 1 through 6 are
presented in a format similar to the tables often provided for functions such as the “F” distribution. In
this case, for six values of the cumulative distribution function Forn(z), Tables 1 through 6 provide the
standard z value associated with that Forn(z) as a function of the points of truncation k. and kr — for
Forn(z) = 0.01, 0.025, 0.05, 0.95, 0.975, and 0.99, respectively.

Unlike the case of singly-truncated normal distributions (See [Johnson, 2001].), the coefficient of
variation c is not uniquely determined by the points of truncation k. and kr for the doubly-truncated
normal distribution. This is illustrated in Figure 3, which presents a contour plot of the magnitude of the
coefficient of variation over the range of allowable truncation points from -3 to 3. In reviewing Figure 3,

several points are worth noting:
. The figure possesses the symmetry that would be expected.

. The “sign” of the coefficient of variation is determined by the relative degree of truncation of the
lower and upper tails — which, in turn, determines the sign of the mean.

. The coefficient of variation ¢ approaches = for cases of symmetric truncation and becomes
undefined.
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Figure 3 — Contour Plot of the Magnitude of the Coefficient of Variation of the Doubly-Truncated

Normal Distribution (in Terms of the Standard Normal Variate)

Use of the Tables:

An individual is dealing with a pattern of variability (random variable) that is normally distributed
with a mean value of 20 units and a standard deviation of 5 units. Due to additional constraints (e.g.,
previous sorting/inspection), the actual values of this distribution are restricted to the range from 12
units to 32 units. For planning purposes, he would like to estimate the 95 percentile of this demand pattern.

This demand pattern would be appropriately modeled as that of a doubly-truncated normal
distribution. Using the notation of Figure 1: y =20, 0 = 5, x. = 12, and xr = 32. In terms of the standard

normal distribution, the truncation points k. and kr can be calculated using Equation 5
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Using Table 4, with KL = -1.6 and kr = 2.4, one finds that the standard z value associated with Forn(z) = 0.95 is
z = 1.5978. This value, in turn, corresponds to a value of x = 20 + 1.5978(5) =

27.989 units with respect to the original distribution. This can be compared to the value of

28.225 units that would be obtained by using (non-truncated) standard normal tables.
Conclusion

This paper has presented tables of the cumulative distribution function of the doubly-truncated
normal distribution for use by workers/researchers in management science, finance, and the many other
fields in which this family of distributions has found application. In the process of developing these
tables, the characteristic parameters of these distributions (in terms of the standard normal variate z)
were used to calculate the corresponding coefficients of determination. It was noted that, while the
upper and lower truncation points solely determine the coefficient of variation, this determination is not a

one-to-one distribution — unlike the case for singly-truncated normal distributions.
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