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Abstract: While lognormal distributions have demonstrated great utility in a number of applications related to
decision sciences, practitioners find few — if any — tables of its cumulative distribution function available to
support their work. This paper describes a “standardized” form of the lognormal distribution and a methodology
by which tables of its cumulative distribution function can be generated. This paper, then, provides these reference
tables and illustrates their use.

INTRODUCTION

A lognormally-distributed random variable is a random variable whose logarithm is normally-
distributed. Johnson, et. al., (1994) note that some practitioners maintain “that the lognormal distribution is as
fundamental as the normal distribution” and that the lognormal distribution has found applications in fields
including the physical sciences, life sciences, social sciences, and engineering. Aitchison and Brown (1957) is
the classic reference on the lognormal distribution, and the compendium edited by Crow and Shimizu (1988)
provides a more recent update.

Despite the lognormal distribution’s utility, practitioners find few — if any — tables of its cumulative
distribution function available to support their work. Moshman (1953) has published selected upper and lower
percentile points (0.5%, 1%, 2.5%, 5%, and 10%) as a function of the shape parameter. Similarly, Broadbent
(1956) provides upper and lower 1% and 5% values as a function of the coefficient of variation. It is the
objective of this paper to provide practitioners with more comprehensive tables of the cumulative distribution
function of the lognormal distribution. Additionally, we will illustrate a methodology by which “critical
values” of a “standardized” lognormal distribution may be calculated directly.

THE LOGNORMAL DISTRIBUTION

Consider a lognormally-distributed variable x with mean px and standard deviation ox— denoted
LN(px, ox). The variable y, Where

y=In(x), 1)

is normally-distributed with mean py and standard deviation oy and is denoted N(uy, Gyz). The probability density
function f(X) of the lognormal distribution is given by
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as noted, for example, in Hines and Montgomery (1990). As can be seen from Figure 1, the distribution is
skewed with a

longer tail to the
right of the mean. f(x)

Figure 1 - Probability density function of the lognormal distribution.

Aitchison and Brown (1957) note that, when py and oy are known for y, the corresponding mean and
variance for x can be found from the following:
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Similarly, using Equation (1), when px and ox are known for x, the corresponding mean and variance for y can
be determined from the following:
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Johnson, et. al., (1994) note various ways in which the lognormal distribution has been standardized.

In this paper, we study the properties of the “standardized lognormal distribution” that arises when the mean
- - - - 2
of its normal counterpart is zero —i.e., py = 0 so that y is N(O, oy ). For this case, the mean and variance of X become

Vi +0? (5
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In the event that the mean of y is not equal to zero, the random variable can be transformed into standardized
form y~ as follows:

y=y-u,
©

We use this standardized lognormal distribution form to develop tables for the cumulative distribution
function F(x) in the next section.

TABLES OF THE CUMULATIVE DISTRIBUTION FUNCTION

In this section, we present a methodology by which “critical values” of the standardized lognormal
distribution may be calculated. We, then, introduce reference tables for use by practitioners.

. . . th
The “critical value” associated with o percentile point of the standardized lognormal distribution is denoted at Xo. and
corresponds to the value of the lognormally-distributed random variable x at which the cumulative distribution
function F(x) is equal to a.

F(x,)=P(x<x)=a(10)

. . . . th
Let Zo denote the value of the standardized normal variate associated with the o percentile of that distribution. Then, X
can be calculated as follows:

m+Zs
x, =€ (11)

In this way, tables of the critical values of the lognormal variable x can be generated for general use.
Such tables are provided in Tables 1, 2, and 3 of this paper. All of the tables are generated for the case in
which the counterpart normal variable y is N(O, Gyz). The tables are of the form F(xa) = P(X < Xa) = a, Where the
particular values of o are as follows: 0.01(0.01)0.05, 0.05(0.05)0.95, and 0.95(0.01)0.99.

The tables list the values of x« for F(X«) = o, and the tables are arranged by oy as follows:
. Table 1: oy =0.1(0.1)1.0
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In all situations, the median of x (lognormal) occurs at x = 1 — so 50% of all observations of x lie
between 0 and 1 and 50% above 1. When oy is small, x is shaped similarly to a normal distribution. This is



seen in Table 1 when oy = 0.10 since the range of x values below x = 1 is almost the same as the range of x
values above 1. Also, the coefficient of variation of x is 0.10, which is much like a normal distribution.

As oy increases, the mode, which is given by

y

2

mode=¢e (12

starts to approach zero, and the shape is more skewed to the right. For example, note that, when oy =1.00, cx
= 1.31 which indicates that the distribution is highly skewed to the right — i.e., while 50% of the observations
range between 0 to 1, 50% range from 1 to 6 or higher. In all situations, the probability density of x starts out
small, increases to a peak at the mode (x < 1), and then spreads out to the right to large numbers indeed.
Recall that the probability density of the exponential distribution (cx = 1) is large at x = 0 and continually
drops as x increases. For a lognormally-distributed random variable x with oy = 0.8, cx = 0.95 — which is
similar to an exponential except that the probability density of x starts out small at x = 0, quickly rises to the
mode, and then drops for all remaining values of x.



In the next section, we use two examples to illustrate how practitioners may use the tables.

USE OF THE TABLES

Example 1

Consider the lognormal x where it is desired to find the middle 90 percent range of values when vy is
N(O, 1.42). Table 2 applies, and the entries show X0.05 = 0.10 for F(x) = 0.05 and xo.95 =
10.01 for F(x) = 0.95. Thus, the 90% range for x is between 0.10 and 10.01. Further, x has a mean of 2.66, a
standard deviation of 6.58, and a coefficient of variation of 2.47.

Example 2

Suppose a sample of size n from a lognormal variable x’ is observed. For each x’, the natural log
transformation is taken as y’ = In(x’), and y’ is, thereby, normal. This gives yi’ (i = 1 to n) that yield estimates
for the mean and variance of y’. For convenience, the estimated parameters of y’ are denoted as ' and o). To
apply the tables of this paper, it is necessary to convert the variable y’to y — where y is also normal but has a
mean of zero. This can be done by utilizing Equation 9.

y=Y-#,09)

So now py = 0 and oy = oy, and y is normal and consistent with the table entries. Assume
that the sample gives W' =4 and oy’ = 1.4. Then,

y
=Yg Y=
4 (14)

is also normal with a mean of zero and a standard deviation of oy=1.4 —i.e., y is N(O, 1.42). The 90 percent
middle range on X iS Obtained in the following way:

1. Fory = N(O, 1.42), x0.05 = 0.10 and xo.95 = 10.01, as in Example 1.
y

2. Rearranging Equation 13, gives y’ =y + . Similarly, Equation 1 gives x = e. These can be combined
as follows:
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X'=e=ee=xe (15)
3. Applying Equation 15 to the results from step 1, we find:

X'=xe -0.10 * 54.59 = 5.46
0.050.05
X'=xe - 10.01% 54.59 = 546

0.950.95

Thus, the 90% range for x " is between 5.46 and 546. Similarly, the mean of x " becomes 145.25.

CONCLUSION

This paper has illustrated a methodology by which “critical values” of a “standardized” lognormal
distribution (one in which the counterpart normal distribution has a mean of zero) may be calculated directly.
This methodology was, then, utilized to develop tables of the cumulative distribution function for use by
practitioners. Finally, the use of these tables was illustrated.
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