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Abstract:  To determine the safety stock required to achieve a desired service level, demands are commonly assumed to follow a normal 
probability distribution.  However, since demands are necessarily truncated at values below zero, this paper will show that this approach 
underestimates the actual demand level and results in achieved service levels that are less than those targeted.  Use of a left-truncated 
normal probability distribution – i.e., a normal probability distribution in which values below a truncation point cannot be observed – for 
demand to determine safety stocks will be shown to improve the achieved service level.  This paper describes a methodology for using 
standardized, left-truncated normal distributions to determine safety stocks, presents tables for use in implementing this methodology, and 
discusses the improvements possible through this approach.  
  
  

INTRODUCTION  
  
The normal – or Gaussian – distribution is one of the most widely utilized of all random variables.  Mound-shaped or approximately mound-
shaped distributions are encountered in a large number of applications and, via the Central Limit Theorem, provide the underpinning for the 
characteristics of sampling distributions upon which statistical inference is based.  Despite this utility, the fact that the values of a normally 
distributed random variable can, in theory, assume any value over the range from -∞ to +∞ may lead to significant computational errors in 
applications where the distribution’s outcomes are actually constrained.  A case in point is the estimation of demand levels for determining 
safety stock required to achieve a desired service level.  

This paper will review the limitations of the conventional methodology used to establish safety stocks, which utilizes non-truncated 
normal distributions.   It will, then, describe and illustrate the use of an enhanced methodology to calculate safety stock based on a 
standardized, left-truncated normal distribution.   

  
   

CONVENTIONAL METHODOLOGY FOR ESTABLISHING SAFETY STOCK  
  
In the case of inventory management, demands are commonly assumed to follow a normal probability distribution when determining the safety 
stock required to achieve a desired service level for items that are subject to a continual review.  As discussed in Thomopoulos (1990), this 
methodology places an order for a specified order quantity (Q) when the on-hand plus on-order inventory falls below a pre-
determined order point (OP) level.  Brown (1962) has shown that, if the demand over the lead time (L) is assumed to 
be normally distributed with mean µL and standard deviation σL, the safety stock (SS) and order point for a desired 
service level (SL) can be found using statistical methods.  (In terms of the forecast, µL is the forecast demand 
for the lead time period and σL is the standard deviation of the forecast errors over the same time period.)  In particular, the safety stock is 
given by  

(1)  
  
and the order point is given by  

(2)  
  

The value of z0 in Equation 1 is called the “safety factor” and is calculated in order to achieve the desired service level by recognizing 
that the expected number of pieces short – i.e., the expected value of the demand over the lead time that is 
greater than the order point – is given by  

(3)  
  
where E(z > z0) gives the expected value of the standard normal variate (z) beyond the value z0 and is commonly called the “partial 
expectation of z beyond z0.”  Using Equation 3, the service level, which is defined as the demand filled divided by total demand, can be shown 
to be  



  
(4)  

  
Equation 4 can be rearranged for computational use as the following:  
  



  
(5)  

  
Equation 5 provides a means of determining the value of the safety factor z0 necessary to achieve a service level for a given demand 

pattern and order quantity.    
Such methods are only as good as their underlying assumptions.  Agrawal and Smith (1996) note the under-performance of traditional 

demand pattern models (e.g., non-truncated normal and Poisson) in achieving a desired service level.  They argue that the negative binomial 
distribution is a better model to employ.   Thomopoulos (1980) illustrates the use of left-truncated normal distributions to determine safety 
stocks.  Specifically, by recognizing that the impossibility of negative demands effectively truncates otherwise normally-distributed demand 
patterns, he shows how the expected value of the truncated normal distribution can be used to more accurately estimate the safety stock 
required to achieve a desired service level.  This paper builds upon his work as well as upon that of Johnson (2001) in order to develop an 
enhanced methodology for establishing safety stocks.  

Additional applications of the truncated normal distribution to inventory problems can be found in Bookbinder and Lordahl (1989) 
and Sinha (1991) – who utilize truncated normal distributions (among other distribution types) to evaluate the performance of inventory re-
ordering systems operating under stochastic lead time and demand patterns.  Bookbinder and Lordahl (1989) use the left-truncated normal 
distribution (at three levels of truncation) as one approach to simulate the stochastic nature of demand patterns in order to compare the 
performance of their “bootstrap statistical procedure” against traditional methods to set the re-order point.  The left-truncated normal 
distribution is one of the distributions used by Sinha (1991) to simulate stochastic demand patterns for purposes of establishing an optimal 
policy for a continuous review inventory system.  

  
  

LEFT-TRUNCATED NORMAL DISTRIBUTION  
  

Definition  
  
Consider a normally-distributed random variable x with a probability density function 
f(x) specified as  
  

(6)  
  
  
If the values of x below some value xL cannot be observed – due to censoring or 
truncation – then, as shown in Figure 1a and following Hald’s (1952) conventions, the 
resulting distribution is a left-truncated normal distribution with probability density 
function fLTN(x) given by  
  
  

(7)  
  

  
  
where f(x) is as defined in Equation 6.  
  

Figure 1: Left-Truncated No
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For purposes of generality, Equation 6 can be re-stated in terms of the standard normal distribution (denoted 

  
(8)  

f(z



and  
   

(9)  
  
The point of truncation xL can also be expressed in terms of the standard normal distribution as 
given by  

  
(10)  

  
Reformulating the left-truncated normal distribution of Equation 
7 in terms of the standard normal distribution, the following can be 
found:  
  

(11)  
  
  
  
  
This is illustrated in Figure 1b.  Similar expressions are found in 
Johnson and Kotz (1970), Schneider (1986), Cohen (1991).    

To define what Thomopoulos (19 terms as a “standardized, 
left-truncated normal distribution,” a standardizing variable t = z 
– kL is introduced, which has the effect of defining the point of 
truncation as t = 0.  The standardized, left- truncated normal 
distribution fSLTN(t) is, thus, given by  
  
  

(12)  
  
  
  
The standardized, left-truncated normal distribu is illustrated in Figure 1c.  
  
  
Parameters  
  
Consider the mean (µt) of the standardized, left-truncated normal 
distribution – for a given point of truncation kL, where fSLTN(t) is as 
defined in Equation 12.  

(13)  
  
Given t = z – kL, it follows that dt = dz, z = kL for t = 0, and z = ∞ 
for t = ∞.  Equation 13 can, then, be reformulated as  
  
  
  

(14)  
  
  
  
  
  
Defining H(k) as  

(15)  
  

  
and performing the integrations indicated, E

  

(16
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point of truncation, kL.  
Consider now the standard deviation (σ t) of the standardized, left-truncated normal distribution.  Given that   

  
(17)  



  

It is only
  

(18)
  
  
  
  
  
Performing the indicated integrations, 
Equation 18 can be shown to result in  
  

(19)  
  
  

Equation 19 can be used along with Equation 16 to calculate σ t as shown in Equation 17.  
Once again, it is worth noting that the point of truncation kL uniquely and solely determines the 
standard deviation of the standardized, left

To facilitate subsequent calculation rticular 
kL – can be defined as  

 (20)  
  
For demands truncated at zero, this coefficient of variation is approximately equal to 0.33 when kL = -3 (“light 
truncation”) and approaches 1.0 when kL > 3 (“heavy truncation”).  

The expressions derived in this section for the mean and standard deviation of the standardized, left-truncated 
normal distribution can be shown to be equivalent to those presented in Schneider (1986).  In particular, they represent 
a re-derivation of the work presented in Thomopoulos (1980).  Barr and Sherrill (1999) have published an expression 
for the variance of the left-truncated normal distribution in s of the Chi-Square distribution.  Johnson (2001) 
includes tables and quantitative visualizations of the cumula stribution functions of standardized, left-truncated 
normal distributions as a function of the point of truncation.  
  
  
ENHANCED METHODOLOGY FOR ESTABLISHING SAFETY 
STOCK LEVELS  

  
Explanation of Method  
  
If demands are assumed to follow a left-truncated normal probability distribution, 
then, as noted earlier, the truncation point kL uniquely determines the distribution’s 
mean µt and standard deviation σ t (i.e., its coefficient of variation).  Introducing a 
standardized truncated variable w where   

(21)  
  
  
Equation 5 can now be restated (more accurately) as  

  
(22)  

  
where E(w > w0) is the expected value of w greater than  specified value w0, the safety factor.  Once the value of 
w0 that satisfies Equation 22 is found, the safety stock can be calculated using a 
reformulation of Equation 1  

(23)  
  
Calculation of E(w > w0) in terms of E(t >t0) follows from Equation 21 with  

  
(24
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us, for a particular demand pattern – defined by the mean and standard deviation of the demand (i.e., a truncation poi  value of the 

fety factor w0 can be found that satisfies Equation 22 ice level and order quantity.    

 facilitate the implementation of this methodology, this paper now presents tables for use in calculating the safety facto  for a particular 
situation.   Table 1 lists the value of w0 associated with a particular service level as a function of the coefficient of n t) and ratio of 

e order quantity to the standard deviation of demand (Q/σL).  Table 1 is presented in three segments for service levels of 9 95%, and 99%, 
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able 1.2: Safety Factor w0 as a Function of the Coefficient of Variation and Q/σL Ratio for a 95% Service Level T  

  
  
ILLUSTRATIONS OF ENHANCEMENT OF SERVICE LEVEL  
  
While the examples used to illustrate the functionality of Table 1 provided some insight as to the benefit of the use of left-truncated normal 
distribution as the model for demand versus the use of conventional methods, this section presents tables for use in estimating the magnitude of 
the errors introduced by not utilizing the improved methodology described in this paper.  
 Table 2 lists the ratio of the actual (achieved) to targeted (desired) service level obtained using conventional (non-truncated) methods as a 
function of the targeted service level and the coefficient of variation of the demand – with ratios < 0 suppressed.  

(28)  
  

Fo ion of 0.8, 
is ratio is 0.761.  In other words, the achieved service lev ional, non-truncated demand assumptions) would be approximately 
% - i.e., 0.761(95%).  As would be expected, this ta  the coefficient of variation (and, correspondingly, the degree of 

ses, the achieved service level declines.  This decline begins at lower levels of the coefficient of variation for lower targeted 
rvice levels – due to the truncation’s greater effect at these levels.  This behavior is illustrated graphically in contour plot form in Figure 2.  
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Table 3 provides a different perspective on the benefit of the enhanced methodology described in this paper.  In this table, the 
coefficient of variation c at which a ratio of actual to targeted service level is achieved is shown as a function of the targeted service level.  For 
example, assume one is targeting a service level of 95% but must insure that it is at least 90% (even in the presence of demand truncation).  For 
this ratio of approximately 0.95, one cannot use traditional methods of establishing the safety stock for item demands whose coefficients of 
variation exceed 0.679.  Figure 3 provides a contour plot, which illustrates the behavior of this “critical” coefficient of variation as a function of 
the targeted service level and acceptable ratio of actual to targeted performance.  
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2: Contour Plot of the Ratio of Actual to Targeted Service Level as a Function of the Targeted Service Level and CoefficFigure ient of 
Variation  

  

  
  

Table 3: Maximum Allowable Coefficient of Variation as a Function of Acceptable Ratio of Actual to Targeted Service Level and 
Service Level  



 
  

 Contour Plot of the Maximum Allowable (“Critical”) Coefficient of Variation as a Function of the Targeted Service Figure 3: Level 

CONC SION  
  
This paper has presented an improved methodology for establishing safety stocks through the use of the standardized, left-truncated normal 
distribution as the assumed demand probability distribution.  Tables have been provided which facilitate the use of this methodology and 
illustrate the degradation in achieved service level that occurs when conventional (non-truncated normal distribution) methods are used for 
demand patterns that reach “critical” values of the coefficient of variation (indicative of a high degree of truncation).  Through the use of this 
methodology, safety levels that are more reflective of the actual demand patterns can be established and targeted service levels can be achieved.  
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