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Abstract: To determine the safety stock required to achieve a desired service level, demands are commonly assumed to follow a normal
probability distribution. However, since demands are necessarily truncated at values below zero, this paper will show that this approach
underestimates the actual demand level and results in achieved service levels that are less than those targeted. Use of a left-truncated
normal probability distribution — i.e., a normal probability distribution in which values below a truncation point cannot be observed — for
demand to determine safety stocks will be shown to improve the achieved service level. This paper describes a methodology for using
standardized, left-truncated normal distributions to determine safety stocks, presents tables for use in implementing this methodology, and
discusses the improvements possible through this approach.

INTRODUCTION

The normal — or Gaussian — distribution is one of the most widely utilized of all random variables. Mound-shaped or approximately mound-
shaped distributions are encountered in a large number of applications and, via the Central Limit Theorem, provide the underpinning for the
characteristics of sampling distributions upon which statistical inference is based. Despite this utility, the fact that the values of a normally
distributed random variable can, in theory, assume any value over the range from -oo to +oo may lead to significant computational errors in
applications where the distribution’s outcomes are actually constrained. A case in point is the estimation of demand levels for determining
safety stock required to achieve a desired service level.

This paper will review the limitations of the conventional methodology used to establish safety stocks, which utilizes non-truncated
normal distributions. It will, then, describe and illustrate the use of an enhanced methodology to calculate safety stock based on a
standardized, left-truncated normal distribution.

CONVENTIONAL METHODOLOGY FOR ESTABLISHING SAFETY STOCK

In the case of inventory management, demands are commonly assumed to follow a normal probability distribution when determining the safety
stock required to achieve a desired service level for items that are subject to a continual review. As discussed in Thomopoulos (1990), this

methodology places an order for a specified order quantitySs = z o, (Q) when the on-hand plus on-order inventory falls below a pre-
determined order point (OP) level. Brown (1962) has shown that, if the demand over the lead time (L) is assumed to
be normally distributed with mean p, and standard deviation 6, the safety stock (SS) and order point for a desired
service level (SL) can be found using statisticalOF = g, + 85 methods. (In terms of the forecast, u, is the forecast demand
for the lead time period and o, is the standard deviation of the forecast errors over the same time period.) In particular, the safety stock is
given by

(&)
and the order point is given by Bl piecas short )= b B2 2,)
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The value of z, in Equation 1 is called the “safety factor” and is calculated in order to achieve the desired service level by recognizing
that the expected number of pieces short — i.e., the E(z>z,)0, expected value of the demand over the lead time that is
Y g

greater than the order point — is given by =

(€)
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where E(z > z() gives the expected value of the standard normal variate (z) beyond the value z; and is commonly called the “partial
expectation of z beyond z.” Using Equation 3, the service level, which is defined as the demand filled divided by total demand, can be shown

to be



(4)

Equation 4 can be rearranged for computational use as the following:
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Equation 5 provides a means of determining the value of the safety factor z; necessary to achieve a service level for a given demand
pattern and order quantity.

Such methods are only as good as their underlying assumptions. Agrawal and Smith (1996) note the under-performance of traditional
demand pattern models (e.g., non-truncated normal and Poisson) in achieving a desired service level. They argue that the negative binomial
distribution is a better model to employ. Thomopoulos (1980) illustrates the use of left-truncated normal distributions to determine safety
stocks. Specifically, by recognizing that the impossibility of negative demands effectively truncates otherwise normally-distributed demand
patterns, he shows how the expected value of the truncated normal distribution can be used to more accurately estimate the safety stock
required to achieve a desired service level. This paper builds upon his work as well as upon that of Johnson (2001) in order to develop an
enhanced methodology for establishing safety stocks.

Additional applications of the truncated normal distribution to inventory problems can be found in Bookbinder and Lordahl (1989)
and Sinha (1991) — who utilize truncated normal distributions (among other distribution types) to evaluate the performance of inventory re-
ordering systems operating under stochastic lead time and demand patterns. Bookbinder and Lordahl (1989) use the left-truncated normal
distribution (at three levels of truncation) as one approach to simulate the stochastic nature of demand patterns in order to compare the
performance of their “bootstrap statistical procedure” against traditional methods to set the re-order point. The left-truncated normal
distribution is one of the distributions used by Sinha (1991) to simulate stochastic demand patterns for purposes of establishing an optimal
policy for a continuous review inventory system.

LEFT-TRUNCATED NORMAL DISTRIBUTION

Definition
1( x— 2

Consider a normally-distributed random ) = 1 e'E{T#] o e @ variable x with a probability density function
f(x) specified as — T

(6)
If the values of x below some value X, 0, —wLx <X, cannot be observed — due to censoring or
truncation — then, as shown in Figure 1a and Fx) following Hald’s (1952) conventions, the
resulting distribution is a left-truncatedf ., (x) = < 5—: X, 2x=o normal distribution with probability density
function f, . (x) given by J' Flx)dx

(7
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where f(x) is as defined in Equation 6.

Figure 1: Left-Truncated Normal Distribution 7
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For purposes of generality, Equation 6 can be re-stated in terms of the standard normal distribution (denoted
f(z)) where
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The point of truncation x; can also be expressed in termsy  — B of the standard normal distribution as
given by &
10
(10 g —w<z<k,
Reformulating the left-truncated normal f(2) distribution of Equation
7 in terms of the standard normal distribution,/ v (2) =475 2 kp<zze the following can be
found: _[f (2)dz
£
an
This is illustrated in Figure 1b.  Similar 0, =0 expressions are found in
Johnson and Kotz (1970), Schneider (1986), and flt+k) Cohen (1991).

To define what Thomopoulos (1980)f,,p, (£) = 4. t=0 terms as a ‘“‘standardized,
left-truncated ~ normal  distribution,” a J' f(2)dz standardizing variable t = z
— k, is introduced, which has the effect of 4 defining the point of
truncation as t = 0. The standardized, left- truncated normal
distribution fy; . (1) is, thus, given by

(12)
The standardized, left-truncated normal distribution#; = E£()= J‘?f sory (D)t is illustrated in Figure 1c.

0
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T e
Consider the mean (u,) of the standardized, jf (z)dz ** left-truncated normal
. . . . . . kl .
distribution — for a given point of truncation k,, where fy (1) is as
defined in Equation 12. 1 2 ¢
(13) - jﬂ—)d{ [k, | f(Z)dZ]
Z Z I L
Given t = z — k, it follows that dt = dz, z = k; k, fort=0,and z = o
for t =o0. Equation 13 can, then, be reformulated as
H(k) = [ f(2)az
i
(14)
1
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Defining H(k) as

s)

and performing the integrations indicated, Equation 13 can be shown to result in
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point of truncation, k; .
Consider now the standard deviation (c,) of the standardized, left-truncated normal distribution. Given that

a7

of =E(t*)-u;
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It is only necessary to calculate E(t ). F(z*)= jtzf(t)dt - j(z —k, Y f(2)dz
> Hky)
(18) - [ 2% flzydz — 2k, [ (2)dz + K} | f(D)k
Hky)| i i )
Performing the indicated integrations, frp2y — 1 14 ESHEY — k. flk
Equation 18 can be shown to result in ) Hik,) [( D)~k L)]
19)
Equation 19 can be used along with Equation 16 to o, calculate 6, as shown in Equation 17.

. . . . c= . .
Once again, it is worth noting that the point of truncation k, =z uniquely and solely determines the

i
standard deviation of the standardized, left-truncated normal distribution.

To facilitate subsequent calculations, a coefficient of variation ¢ — which, again, exists uniquely for a particular
k, — can be defined as

(20)

For demands truncated at zero, this coefficient of variation is approximately equal to 0.33 when k, = -3 (“light
truncation”) and approaches 1.0 when k; >3 (“heavy truncation”).

The expressions derived in this section for the mean and standard deviation of the standardized, left-truncated
normal distribution can be shown to be equivalent to those presented in Schneider (1986). In particular, they represent
a re-derivation of the work presented in Thomopoulos (1980). Barr and Sherrill (1999) have published an expression
for the variance of the left-truncated normal distribution in terms of the Chi-Square distribution. Johnson (2001)
includes tables and quantitative visualizations of the cumulative distribution functions of standardized, left-truncated
normal distributions as a function of the point of truncation.

ENHANCED METHODOLOGY FOR ESTABLISHING SAFETY
STOCK LEVELS a

W=
GI

Explanation of Method

If demands are assumed to follow a left-truncated (1- SLYO normal probability distribution,
then, as noted earlier, the truncation point k. uniquelyE (w>w,) = P determines the distribution’s
mean pand standard deviation o, (i.e., its coefficient £ of variation). Introducing a
standardized truncated variable w where
2
S8 =w,o;
Equation 5 can now be restated (more accurately) as
E(t>1,)
(22)E(w > w, ) =——2=
4
where E(w > w ) is the expected value of w greater than some specified value w , the safety factor. Once the value of
w, that satisfies Equation 22 is found, the safety stock can be calculated using a
reformulation of Equation 1 E(z>¢
! @3> 1oy, ez
H{k)

Calculation of E(w > w) in terms of E(t >t ) follows from Equation 21 with

(24
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E(z>z,)

Elw>w )= o

(26)

with Iy = py WO, +k;
(27)

Thus, for a particular demand pattern — defined by the mean and standard deviation of the demand (i.e., a truncation point) — a value of the
safety factor w,, can be found that satisfies Equation 22, given a targeted service level and order quantity.

Development of Tables

To facilitate the implementation of this methodology, this paper now presents tables for use in calculating the safety factor w, for a particular
situation. Table 1 lists the value of w, associated with a particular service level as a function of the coefficient of variation (¢ /u,) and ratio of
the order quantity to the standard deviation of demand (Q/c, ). Table 1 is presented in three segments for service levels of 90%, 95%, and 99%,

Coefficient of Variation (@)

0.20 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.66 0.70 0.76 0.80 0.86 090 0.95 1.00
10 0.902 0.905 0912 0925 0.944 0968 0997 1.030 1.065 1.102 1.140 1.178 1215 1250 1255 1.181
1.1 0.850 0.852 0.859 0.871 0.889 0912 0.940 0.970 1.002 1.036 1.070 1.104 1.136 1.166 1.167 1.095
12 0.801 0.303 0.310 0.821 0.529 0.860 0.886 0.914 0.944 0975 1.006 1.036 1.064 1.089 1.087 1.016
13 0.755 0.757 0.763 0775 0.781 0812 0.835 0.862 0.889 0918 0.946 0.872 0.997 1.017 1.013 0.944
1.4 0.712 0.714 0.720 0.731 0.746 0.766 0.783 0.813 0.838 0.864 0.589 0.913 0.934 0.951 0.944 0.876
15 0.671 0673 0679 0639 0.704 0722 0743 0.766 0.790 0813 0836 0.857 0.875 0.889 0879 0.814
16 0.832 0.634 0.640 0.649 0.663 0.681 0.701 0722 0.744 0.765 0.786 0.804 0.818 0.830 0.819 0.755
17 0.595 0.597 0.602 0612 0.625 0.641 0.660 0.680 0.700 0.720 0738 0.754 0.767 0775 0.762 0.699
18 0.560 0.562 0.566 0575 0.588 0.604 0621 0.840 0.658 0676 0.692 0.706 0.716 0.722 0.708 0.646
19 0.526 0.527 0.532 0.541 0.553 0.568 0.584 0.601 0.619 0.635 0.649 0.661 0669 0673 0.657 0.536
20 0.493 0495 0499 0.507 0.519 0533 0548 0.564 0580 0.595 0.607 0.817 0.623 0.625 0.608 0.549
241 0.461 0463 0467 0475 0.486 0.500 0514 0.529 0.543 0.556 0.567 0.575 0.580 0.580 0.561 0.504
22 0.431 0432 0437 0444 0.455 0487 0481 0.495 0.508 0520 0529 0.535 0.538 0.536 0517 0.481
¥ 0.401 0403 0407 0414 0.424 0436 0449 0.462 0474 04384 0492 0.497 0.498 0494 0474 0419
24 0.373 0.374 0.378 0.385 0.385 0.406 0418 0.430 0.440 0.449 0.456 0.460 0.458 0.454 0433 0.380
25 0.345 0346 0.350 0357 0.3866 0376 0388 0.398 0408 0416 0422 0.424 0.422 0416 0.394 0.341
256 0.318 0319 0323 0329 0.333 0.348 0.358 0.368 0377 0.384 0.383 0.388 0.386 0378 0.356 0.305
27 0.292 0293 0.296 0.303 0.311 0320 0.330 0.339 0.347 0353 0.356 (Ea5s 0.351 0342 0320 0.269
28 0.266 0.267 0.271 0276 0.284 0293 0.302 0.311 0.317 0322 0324 0.323 0.317 0.308 0.285 0.235
29 0.241 0.242 0.245 0.251 0.258 0.267 0.275 0.283 0.289 0.292 0293 0.291 0.285 0274 0.250 0.202
30 0.217 0218 0.221 0226 0.233 0.241 0.249 0.256 0.261 0.264 0.264 0.260 0.253 0.241 0218 0.170
341 0.193 0.194 0.197 0.202 0.209 0216 0223 0.229 0234 0236 0235 0.230 0222 0210 0.186 0.129
32 0.168 0170 0173 0178 0.185 0191 0198 0.203 0.207 0.208 0.206 0.201 0.192 0179 0.155 0.109
33 0.146 0.148 0.150 0.155 0.181 0167 0173 0.178 0.181 0.181 0179 0.173 0.163 0.149 0124 0.080
34 0.124 0.125 0.128 0.132 0.133 0.144 0.149 0.153 0.155 0.155 0.152 0.145 0.134 0.120 0.095 0.052
35 0.102 0.103 0.106 0110 0.115 0121 0126 0.129 0.131 0129 0125 0.118 0.107 0.092 0.067 0.024
36 0.080 0.081 0.084 0.088 0.083 0.093 0.103 0.105 0.106 0.104 0.100 0.091 0.080 0.064 0.039 T
37 0.059 0.060 0.063 0.066 0.071 0.076 0.080 0.082 0.082 0.080 0.074 0.065 0.053 0.037 0012 s
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respectively — with values of w <0 suppressed (i.e., no safety stock required).

Table 1.1: Safety Factor w, as a Function of the Coefficient of Variation and Q/c, Ratio for a 90% Service Level

Use of Tables

To illustrate the use of Table 1, consider an inventory manager who needs to determine the safety stock necessary to achieve a 95% service
level for a product whose average lead-time demand (p, ) is 50 units — with a standard deviation (o ) of 40 units. The order quantity (Q) that
has been established for this item is 80 units.

Given the values above, the coefficient of variation (c) can be calculated — using Equation 20 — to be 0.8. Similarly, the ratio Q/c, is
seen to be 2.0. From Table 1.2, the value of w ; associated with this ¢ and Q/c, can be found to be 1.178. The required safety stock can be
calculated to be 47-48 units using Equation 23. This value can be compared to the safety stock value of 36 units that would have been obtained
using traditional methods and Equation 5.

If the order quantity (Q) were 50 units, then the ratio Q/c; would be 1.25, and the associated value of the safety factor w could be
interpolated from those in Table 1.2 to be approximately 1.5. This would result in a safety stock of 60 units. This is, again, greater than the
value of 46 units that would be obtained using non-truncated methods.



Coefficient of Variation (o)

0.20 0.30 0.356 0.40 0.45 0.50 0.56 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
1.0 1.256 1.259 1260 T265 1.312 1.247 1.389 1438 1493 1.554 1.619 T659 1763 1.840 1879 1.793
1.2 1.167 1.170 1.179 1.185 1.219 1.252 1.290 1.335 1.385 1438 1.498 1.559 1623 1688 LT 1.634
1.4 1.080 10893 1101 1116 1.139 1.169 1205 1.246 1.291 1.340 1.382 1.446 1502 1557 1579 1.498
1.6 1.021 1.024 1.032 1.046 1.068 1.095 1.129 1.167 1.208 1.253 1.299 1.347 1.386 1443 1458 1.280
1.8 0.959 0.962 0.969 0.983 1.003 1.029 1.060 1.095 1.133 1.174 1.216 1.259 1.301 1.341 1.351 1.275
20 0902 0905 0912 0925 0.844 0.868 0997 1.030 1.065 1.102 1.140 1.178 1215 1.250 1.25% 1.181
22 0.850 0852 0859 0871 0.889 0.912 0.940 0970 1.002 1.036 1.070 1.104 1.136 1.166 1167 1.095
24 0801 0803 0810 0821 0.838 0.860 0.886 0914 0.944 0975 1.006 1.036 1.084 1.089 1.087 1.016
26 0.755 0757 0.763 0775 0.791 0.812 0835 0.862 0.889 0918 0946 0972 0997 1017 1013 0.944
23 0.712 0.714 0.720 0.731 0.746 0.766 0.788 0.813 0.838 0.864 0889 0913 0.934 0.951 0.944 0.876
3.0 0671 0673 0679 0689 0.704 0722 0743 0.766 0.790 0813 0836 0857 0875 0889 0879 0.814
3.2 0632 0634 0.640 0649 0.663 0.681 0.701 0722 0744 0.765 0786 0804 0819 0.830 0819 0.755
34 0.585 0.597 0.602 0612 0.625 0.641 0.660 0.680 0.700 0720 0738 0754 0.767 0775 0.762 0.699
36 0.560 0.562 0.566 0575 0.588 0.604 0621 0640 0698 0676 0682 0706 0716 0722 0708 0.646
3.8 0.526 0.527 0532 0.541 0.553 0.568 0.584 0.601 0.619 0.635 0649 0661 0.669 0.673 0657 0.596
4.0 0483 0485 0489 0507 0.518 0.533 0548 0.564 0580 0.595 0607 0617 0623 0625 0608 0.548
o 4.2 0461 0463 0467 0475 0.486 0.500 0514 0529 0543 0556 0587 0575 0.580 0.580 0.561 0.504
E 4.4 0431 0432 0437 0444 0.455 0.467 0481 0495 0.508 0520 0529 0535 0538 0536 0517 0.461
o 4.6 0401 0403 0407 0414 0.424 0.436 0449 0462 0474 0484 0482 0497 0498 0484 0474 0.419
‘g 4.8 0.373 0.374 0.378 0.385 0.395 0.408 0418 0430 0440 0449 0456 0480 0459 0454 0433 0.380
5.0 0345 0.346 0.350 0357 0.366 0.376 0288 0298 0408 0416 0422 0424 0422 0416 0384 0.341
5.2 0318 0319 0323 0329 0.338 0.348 0358 0.268 0377 0.384 0383 0389 0.386 0378 0.356 0.305
5.4 0292 0263 0.296 0303 341 0.320 0330 0339 0247 0353 0356 0355 0351 0342 0320 0.269
56 0.266 0.267 0271 0276 0.284 0.293 0302 03N 0317 0322 0324 0323 0317 0.308 0.285 0.235
5.8 0.241 0.242 0.245 0.251 0.258 0.267 0275 0.283 0.289 0.292 0283 0291 0.285 0274 0.250 0.202
6.0 0217 0218 0221 0226 0.233 0.241 0249 0256 0.261 0.264 0284 0260 0253 0241 0218 0.170
6.2 0193 0.184 0.197 0.202 0.209 0.216 0223 0229 0.234 0236 0235 0230 0222 0210 0.186 0.138
6.4 0169 0170 0173 0178 0.185 0.191 0198 0.203 0.207 0.208 0206 0201 01492 0179 0155 0.109
6.6 0.146 0148 0.150 0155 0.161 0.167 0173 0178 0.181 0.181 0179 0173 0163 0.149 0124 0.080
6.8 0.124 0125 0128 0.132 0.138 0.144 0.149 0.153 0.155 0.155 0152 0145 0.134 0.120 0.085 0.052
7.0 0.102 0.103 0.106 PR 0.115 0121 0126 0129 0.131 0129 0125 018 0.107 0.082 0.067 0.024
7.2 0.080 0.081 0.084 0.088 0.093 0.098 0.103 0.105 0.106 0.104 0100 0.0¢1 0.080 0.064 0.039 R
7.4 0.059 0.060 0.063 0.066 0.071 0.076 0.080 0.082 0.082 0.080 0074 0085 0.053 0.037 0.012 Ll
76 0.038 0.039 0.042 0.045 0.050 0.054 0.058 0059 0059 0.056 0050 0040 0.0z7 001 i =
7.8 0.018 0.019 0.021 0.025 0.029 0.033 0.036 0.037 0.036 0.032 0025 0015 0.002 1 1 R
8.0 = = 0.001 0.004 0.008 0012 0.014 0.015 0013 0.008 0.002 e = = = =
8.2 ek ek ek ek ek wrn wrr wrr wrr wrr wra wan ek ek ek ek
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Table 1.2: Safety Factor w, as a Function of the Coefficient of Variation and Q/c, Ratio for a 95% Service Level

ILLUSTRATIONS OF ENHANCEMENT OF SERVICE LEVEL

While the examples used to illustrate the functionality of Table 1 provided some insight as to the benefit of the use of left-truncated normal
distribution as the model for demand versus the use of conventional methods, this section presents tables for use in estimating the magnitude of
the errors introduced by not utilizing the improved methodology described in this paper.

Table 2 lists the ratio of the actual (achieved) to targeted (desired) service level obtained using conventional (non-truncated) methods as a
function of the targeted service level and the coefficient of variation of the demand — with ratios < 0 suppressed.

achieved

(28)Ratio=
targeted
For example, continuing the example of the previous section, with a targeted service level of 95% and a coefficient of variation of 0.8,
this ratio is 0.761. In other words, the achieved service level (using conventional, non-truncated demand assumptions) would be approximately
72% - i.e., 0.761(95%). As would be expected, this table shows that, as the coefficient of variation (and, correspondingly, the degree of
truncation) increases, the achieved service level declines. This decline begins at lower levels of the coefficient of variation for lower targeted
service levels — due to the truncation’s greater effect at these levels. This behavior is illustrated graphically in contour plot form in Figure 2.
Table 3 provides a different perspective on the benefit of the enhanced methodology described in this paper. In this table, the
coefficient of variation c at which a ratio of actual to targeted service level is achieved is shown as a function of the targeted service level. For
example, assume one is targeting a service level of 95% but must insure that it is at least 90% (even in the presence of demand truncation). For
this ratio of approximately 0.95, one cannot use traditional methods of establishing the safety stock for item demands whose coefficients of
variation exceed 0.679. Figure 3 provides a contour plot, which illustrates the behavior of this “critical” coefficient of variation as a function of
the targeted service level and acceptable ratio of actual to targeted performance.



Coefficient of Variation (o)

0.20 0.30 0.35 0.40 0.45 0.50 0.56 0.60 0.66 0.70 0.75 0.80 0.85 0.90 0.95 1.00

10 14938 1.943 1.957 1964 2025 2082 2153 2239 2339 2454 2585 2735 7006 3102 3250 3,150
1.2 1.868 1873 1.886 1912 1.852 2.006 2.074 2.156 2251 2.360 2484 2625 2784 2966 3.100 3.001
14 1.808 1812 1.825 1.850 1.889 1.941 2.006 2.084 2475 2279 2397 2530 2680 23849 2972 2874
186 1754 1.759 1.771 1.785 1833 1.883 1.946 2.0 2109 2.208 232 2447 2588 2747 2.860 2.763
18 1.707 1711 1.723 1.746 1.783 1832 1.893 1.965 2.049 2145 2.252 2372 2.507 2657 2761 2.665
20 1663 1667 1.679 1.702 1737 1.785 1.844 1.914 1.895 2.087 2190 2.30% 2433 2575 2672 2.576
22 1623 1627 1.639 1681 16496 1742 1.799 1.867 1.946 2.034 2134 2.244 2366 2501 2591 2.496
24 1.586 1.590 1.602 1624 1657 1.702 1.758 1.824 1.800 1.886 2.081 2187 2.304 2433 2517 2423
26 1552 1.556 1.567 1588 1621 1665 1.720 1.784 1858 1.941 2033 2135 2247 23689 2449 2.355
28 1.520 1.524 1.535 1.556 1.588 1631 1.684 1.746 1818 1.898 1.888 2.086 2.193 231 2.385 2.292
3.0 1490 1493 1.504 1525 1556 1548 1.650 171 1.780 1.859 1945 2.040 2143 2256 2326 2233
32 1461 1465 1.475 1486 1526 1.567 1.618 1.677 1.745 1821 1.805 1.997 2.096 2204 2270 2178
34 1434 1438 1.448 1468 1448 1538 1.588 1.646 1712 1786 1.867 1.956 2052 2155 217 2126
36 1408 1412 1.422 1442 1471 1511 1.559 1.616 1.680 1.752 1.831 1.917 2010 2109 2167 2.077
3.8 1.384 1.387 1.397 1416 1446 1484 1.532 1.587 1.650 1.720 1.797 1.880 1.970 2.065 2120 2.031
4.0 1.360 1.364 1.373 1.382 1421 1459 1.505 1.560 1621 1689 1.764 1.845 1.931 2023 2075 1.987
42 1.338 1.341 1.351 1.369 1397 1435 1.480 1.533 1.593 1.660 1733 181 1845 1983 2033 1.944
4.4 1316 1318 1.329 1.347 1375 1411 1.456 1.508 1.567 1832 1.703 1.779 1.860 1.945 1.982 1.904
46 1.295 1.298 1.308 1326 1353 1.389 1.433 1.484 1.541 1605 1674 1.748 1826 1.909 1953 1.866
4.8 1.275 1.278 1.287 1.30% 1.332 1.367 1.410 1.460 1517 1.579 1.646 1.718 1.784 1.874 1915 1.829
5.0 1.256 1.259 1.268 1.285 1312 1.347 1.389 1.438 1493 1.554 1619 1.689 1763 1.840 1879 1.793
52 1237 1.240 1.249 1.266 1.282 1.326 1.268 1.416 1470 1529 1593 1.661 1733 1.807 1.844 1.759
5.4 1219 1222 1.231 1.248 1273 1.307 1.248 1.295 1448 1.506 1.568 1.634 1704 1776 181 1.726
56 1.201 1.204 1.213 1.230 1.25% 1.288 1.328 1.374 1426 1483 1.544 1.608 1676 1.745 1.779 1.694
5.8 1.184 1.187 1.185 1.212 1.237 1.269 1.309 1.355 1405 1.461 1.520 1.583 1.649 1.716 1.747 1.664
6.0 1.167 1.170 1.179 1.185 1219 1252 1.290 1.335 1.385 1438 1498 1.559 1623 1688 1T 1.634
6.2 1.151 1.154 1.162 1178 1.203 1.234 1.272 1.316 1.365 1419 1475 1.535 15497 1660 1688 1.605
6.4 1.135 1.138 1.146 1.1862 1.186 1.217 1.255 1.298 1.346 1.398 1454 1.512 1572 1633 1659 1.677
] 6.6 1.120 1123 1.131 1147 1170 1201 1.238 1.280 1327 1378 1433 1.4480 1548 1607 1632 1.550
5] 6.8 1.105 1.108 1.116 1.131 1.154 1.185 1.221 1.263 1.308 1.358 1412 1.468 1525 1.582 1605 1.524
& 7.0 1.090 1.093 1.101 1.116 1.139 1.169 1.205 1.246 1.201 1.340 1.392 1.446 1502 1.657 1579 1.498
<] 72 1.076 1078 1.086 1.102 1.124 1.154 1.189 1.229 1.274 1322 1373 1.426 1480 1533 1.554 1473
T4 1.062 1.064 1.072 1.087 1.110 1139 1.173 1.213 1257 1.304 1.354 1.405 1458 1510 1529 1.449
76 1.048 1.051 1.058 1073 1.085 1.124 1.158 1.197 1.240 1.287 1335 1.386 1437 1487 1.50% 1.425
7.8 1.034 1.037 1.045 1.060 1.081 1.110 1.143 1.182 1.224 1.270 1.317 1.366 1416 1465 1481 1.402
8.0 1.021 1.024 1.032 1.046 1.068 1085 1.129 1.167 1.208 1.253 1.299 1.347 1.386 1443 1458 1.380
82 1.008 1.011 1.019 1033 1.054 1.082 1115 1.152 1.193 1.236 1.282 1.329 1.376 1422 1436 1.358
84 0.996 0998 1.006 1.020 1.041 1.088 1.101 1.137 1177 1220 1.265 1.311 1.357 1401 1414 1.336
86 0983 0986 0993 1.007 1028 1055 1.087 1123 1.163 1.205 1.248 1.263 1338 1.381 1393 1.315
8.8 0971 0974 0.981 0.995 1015 1.042 1.073 1.109 1.148 1.188 1.232 1.276 1.319 1.3681 1.372 1.295
9.0 0959 0.962 0.969 0983 1.003 1029 1.060 1.095 1.133 1.174 1216 1.259 1.301 1.341 1.351 1.275
92 0.947 0950 0957 0971 0.991 1017 1.047 1.082 1118 1.159 1.200 1.242 1.283 1322 1331 1.255
9.4 0936 0938 0.946 0959 0979 1.004 1.034 1.068 1.105 1.144 1.185 1.226 1.266 1.304 1312 1.236
96 0925 0927 0.934 0.947 0967 0992 1.022 1.055 1.092 1.130 1.170 1.209 1.248 1.285 1.292 1.217
9.8 0913 0916 0.923 0.936 0.955 0.980 1.010 1.043 1.078 1.116 1.155 1.184 1232 1.267 1273 1.199
10.0 0.902 0.905 0.912 0.925 0.944 0968 0.997 1.030 1.065 1.102 1.140 1.178 1.215 1.250 1.255 1.181

Table 1.3: Safety Factor w, as a Function of the Coefficient of Variation and Q/c, Ratio for a 99% Service Level

Coefficient of Variation {a/p,)

020 | 030 035 040 045 | 050 055 060 065 | 070 075 080 085 | 090 095 100

70% [T000 | 0099 0894 0984 0967 | 0937 0891 0819 0700 | 0492 006 o = =

71% | 1000 | 0999 0995 0985 0985 | 0940 0895 0827 0714 | 0515 0120 =

72% | 1000 | D99 0995 096 0970 | 0942 0901 0836 0728 | 0533 0182

73% | 1000 | 0999 0995 0987 097t | 0946 0906 0844 0741 | 0561 0203 e

74% | 1000 | D999 0995 0987 0973 | 0949 0911 0851 0754 | 0582 0243 e

75% | 1000 | 0099 0096 0988 0474 | 0951 0916 0859 0767 | 0605 0282 ™

76% | 1000 | 0999  0oss 0989 0975 | 0954 0920 0865 0779 | 0625 0319 e

77% | 1000 | D999 0996 0989 0977 | 0956 0924 0874 0791 | 0e46 036

78% | 1000 | D993 0996 09w 0978 | 0959 0929 0881 0803 | oees 0392

79% | 1000 | 0999 0o9s  o0oso  oo79 | 09s1 0933 08858 0814 | 0ess 0437 e

B0% | 1000 | 0099 0897 0091 0881 | 0962 0937 0804 0825 | 0.702 0481 =

= 81% | 1000 | 0999 0997 09w 0982 | 0986 0841 0901 0836 | 0722 0495 e
: g2% | 1000 | D999 0997 0992 0982 | 09G8 0944 0907 0846 | 0740 0527 0004 v
a 83% | 1000 | 0999 0997 0093 0984 | 0G70 0848 0913 0857 | 0757 0559 oO71
3 g4% | 1000 | 0999 0997 0993 0985 | 0972 0952 0819 0867 | 0774 0590 013 "
z 85% | 1000 | 0099 0095 0094 0086 | 0674 0055 0825 0877 | 0791 0620 0189 =
® 86% | 1000 | 0999 0998 0994 0987 | 0976 0959 0931 08% | 080T 0649 0281
3 87% | 1000 | 1000  099s 0985 0988 | 0978 0962 0937 0895 | 0823 0678 0322
B g9% | 1000 | 1000 0998 0995 0989 | 0930 095 0842 0905 | 0838 0706 0381 v
5 89% | 1000 | 1000 09 0995 0990 | 0982 0959 0848 0914 | 0853 0734 0439
= 90% | 1000 | 1000 0099 00965 0991 | 0654 0972 0053 0922 | 0668 0761 0436 =
91% | 1000 | 1000 0999 099 0992z | 0986 0975 0858 0931 | 0883 0787 0551 v

92% | 1000 | 1000 0999 0097 0993 | 098T 0978 093 093¢ | 0897 0813 0605

93% | 1000 | 1000 0999 0997 0994 | 0989 0981 0968 0947 | 0911 0838 0658 0004 |

94% | 1000 | 1000 0999 o0oss 0995 | 0991 0984 0973 0955 | 0924 0882 0710 0155 | e

95% | 1000 | 1000 0099 0098 0496 | 0092 0987 0978 0063 | 0038 0887 0761 0203 |

96% | 1000 | 1000 0999 09ss 0997 | 0994 0888 0982 0971 | 0951 0910 0811 04dg |

97% | 1000 | 1000 9000 0999  099e | 0995 0992 0987 0978 | 0982 0832 0ge0 0591 |

98% | 1000 | 1000 1000 0989 0995 | 0997 0995 0991 0886 | 0976 0956 0007 0730 |

99% | 1000 | 1000 1000 1000 0999 | 0999 0997 0996 0993 | 0988 0978 0954 0886 | 0072 v

Table 2: Ratio of Actual to Targeted Service Level as a Function of the Coefficient of Variation and Targeted Service Level
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Figure 2: Contour Plot of the Ratio of Actual to Targeted Service Level as a Function of the Targeted Service Level and Coefficient of
Variation
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Table 3: Maximum Allowable Coefficient of Variation as a Function of Acceptable Ratio of Actual to Targeted Service Level and
Service Level
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Figure 3: Contour Plot of the Maximum Allowable (“Critical) Coefficient of Variation as a Function of the Targeted Service Level
and Acceptable Ratio of Actual to Targeted Performance

CONCLUSION

This paper has presented an improved methodology for establishing safety stocks through the use of the standardized, left-truncated normal
distribution as the assumed demand probability distribution. Tables have been provided which facilitate the use of this methodology and
illustrate the degradation in achieved service level that occurs when conventional (non-truncated normal distribution) methods are used for
demand patterns that reach “critical” values of the coefficient of variation (indicative of a high degree of truncation). Through the use of this
methodology, safety levels that are more reflective of the actual demand patterns can be established and targeted service levels can be achieved.
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